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ABSTRACT

Information theory was introduced by Shannon in 1948 and it includes
the study of uncertainty measures. Analogous to information theory
which is founded on probability theory, notion of fuzzy sets was estab-
lished by Zadeh in 1965 which is a mechanism to manage uncertainty.
The pedestal for present study is information theory with intuitionistic
fuzzy sets. Atanassov (1986) devised Intuitionistic fuzzy sets which is
an expedient devise to deal vagueness and uncertainty. In present study,
we extended the fuzzy entropy proved by Gupta et al.(2014) and then
generalized it for intuitionistic fuzzy sets with axiomatic justification and
presented importance of parameter o . Further, some properties of this
measure are analyzed and the performance of proposed entropy measure
at different values of « on the basis of linguistic variables is compared
with the help of a numerical example.

Keywords: Fuzzy entropy, intuitionistic fuzzy entropy, exponential in-
tuitionistic fuzzy entropy, linguistic variables.
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1. Introduction

Shannon (1948) defined measure of uncertainty for discrete and continu-
ous probability distribution and proved various mathematical properties cor-
responding to both discrete and continuous probability distributions. Parallel
to probability theory Zadeh discovered Fuzzy set theory in 1965. Zadeh (1965)
introduced a measure of fuzzy information termed as fuzzy entropy which is
based on Shannon entropy. In fuzzy set theory, non-membership value of a
member is complement of its membership value from one, but practically it is
not true, this is dealt by higher order Fuzzy set proposed by Atanassov (1986)
and is termed as intuitionistic fuzzy sets (IFSs). IFSs are advantageous in han-
dling imprecision as well as hesitancy originated from inadequate information.
It characterizes two characteristic functions for membership, p4(z) and non-
membership, v4(z) for an element x belonging to the universe of discourse.
Later, Burillo and Bustince (1996) defined the distance measure among IFSs.
Also gave axiomatic definition of intuitionistic fuzzy entropy with its charac-
terization. Thereafter, Szmidt and Kacprzyk (2001, 2005 a, b) extended the
fuzzy entropy properties proposed by De Luca and Termini (1972) and abridged
the distance calculated using Hamming distance. Hung and Yang (2006), Vla-
chos and Sergiadis (2007), Chaira and Ray (2008), Ye (2010) and Verma and
Sharma (2013) developed entropies for IFS and discrimination measure be-
tween IFSs with corresponding properties and demonstrated the efficiency in
the framework of medical diagnosis, pattern recognition, edge detection, image
segmentation and multi-criteria decision making. The article initially consist
a brief introduction about IFSs followed by a exponential intuitionistic fuzzy
entropy corresponding to a exponential fuzzy entropy. Further, to check the
performance of proposed intuitionistic entropy measure on the basis of linguis-
tic variables a numerical example is used.

2. Brief Introduction about Intuitionistic Fuzzy
Sets.

Atanassov (1986) proposed a generalization of fuzzy sets characterized as
Intuitionistic Fuzzy Sets (IFSs). It is has dealt with vagueness and hesitancy
originated from inadequate information with expediency. It characterizes two
characteristic functions for membership and non-membership p4(z) and v4(z)
respectively for an element x belonging to the universe of discourse. An IFS is
given as A = {(z, pa(z),va(x)),x € Q} where py : @ — [0,1) and v4 : @ —
[0,1] such that 0 < pa(z)+va(x) <1and pa(z) and v4(x) € Q denote degree
of membership and non-membership of x € A, respectively. For each IFS in ),
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malx) =1 — pa(z) — va(z) denotes index of hesitancy or intuitionistic fuzzy
index. Obviously, 0 < m4(x) < 1.The properties of fuzzy entropy proposed by
De Luca and Termini(1972) were extended by Szmidt and Kacprzyk (2001) for
an entropy measure in IFSs are as follows:

1. Intuitionistic fuzzy entropy is zero iff set is crisp.

2. Intuitionistic fuzzy entropy is one iff membership value is same as non-
membership values for every element.

3. Intuitionistic fuzzy entropy decreases as set get sharpened i.e if A is less
fuzzy than B it implies that E(A) < E(B) .

4. Intuitionistic fuzzy entropy of a set is same as its complement.

Li, Lu and Cai (2003) suggested a method of converting intuitionistic fuzzy
sets to fuzzy sets by allocating hesitation degree equally to membership and
non-membership values. In subsequent section, a generalized entropy measure
for intuitionistic fuzzy sets have been proposed which is based on « exponential
fuzzy entropy given by Gupta et al. (2014) as represented by equation (1) and
validated some axioms for the same.

_ 1 a 1—p (i)
H,(A) = n(21-@el=2"" 1) ZI[NA(xi)e Ha "
= 1

+ (1 _ ‘uA(xi))aelf(lqu(mi))a _ 1]7
0<a<l

3. Extension of a Exponential Intuitionistic
Fuzzy Entropy

In this section, we have extended the result given by Gupta et al. (2014)
as represented by equation (1). Let

Ho(A) = i) i Ha(A)
where H{,(A) = [uf(z:)e' 40D 4 (1 — pa(a;)) el ~mraled)® — 1]
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O?H! (A @ (o @ (g
6(/‘.4?35);2 = oo — D (wi)e! T AE) 4 a®(1 = Ba)u 2 (zy)e! A
+a(l = 3a)(1 — pa(a;))? et (ral))
+a%e! T (L g ()%
+afa —1)etUmraltDT (1 — py (ay))* 2

+ a2uA(zi)3a72elpr(zi)“]
At pa(z;)) = % equation (2) reduces to

PHL(A) oo
Opa(z:))?
+ 21.7462546300.5% + 21.746254630.0.5%*
— 21.7462546300.5% — 65.238763880.0.52* )

(21.7462546300.5%*

And % < 0 at pa(z;)) = & when 0 < a < 2 as shown in Figure (1)

Hence equation (1) holds for 0 < a < 2.

4. o Exponential Intuitionistic Fuzzy Entropy

We define a exponential intuitionistic fuzzy entropy corresponding to (1),
using method proposed by Li, Lu and Cai (2003). According to this method,
IFS A = {{z, pa(z),va(x)),z € Q} is transformed in to fuzzy set (A*) having
membership function pa-(z) = pa(z) + (ra(z))/2 = M.Thus par-
allel to a exponential fuzzy entropy, we introduce a exponential intuitionistic
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fuzzy entropy defined as follows:

Ka(4)

o n(2l—@el=27" — 1)

1 zn:[(,u,q(l‘i) +1-— VA(.Ii))ael_(uA(wiH;*VA(wi))a
i=1 2
o HA(a:z) +1- VA(JH))ael_(l_“A(11)+;*VA(%‘>)a _ 1]

1
+ ( 5

for 0 < a < 2.

1 “pa(m) 1 —va(®0) ) 1 loraG)TrAG) o
Ka(4) = n(21-eel=27% — 1) Z[( 2 )ret ! ’ :

=1

. pa(r;) +; —va(w;) )%1—(1_umxngﬂ%(zn)a )

(3)
for 0 < a < 2. In order to prove that (3) is a valid entropy measure for
intuitionistic fuzzy sets, four properties given by Szmidt and Kacprzyk (2001)

has been checked as follows:

1. Property 1: Consider a crisp set A i.e. membership values of elements
are either 0 or 1. Then K, (A4) = 0. By puttingw =ya(x;),
equation (3) reduces to

_ 1 - a 1—~G (z4)
Ka(4) = n(2l-ael-27" 1) ;['M(mi)e Ta

+(1— 7A(QCZ,))ocel—(l—vA(aci))c‘ —1]

for0 < a <2

which is same as equation (1). Therefore by the properties of fuzzy en-

tropy, fuzzy entropy becomes zero if and only ify4(x;) = 0 or 1 for all i.
pa(@dtl-va(zd) _
2

= palx;) —valz) =1 (4)
for all i.Again
va(@i)+l-palzi) _ o
2
= va(z;) —palz;) =1 (5)
for all i. Also,
pa(mi) +va(e;) <1 (6)
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From equation (4) and (6), we get that pa(z;) = 0,v4(z;) = 1. From

equation (5) and (6), we get that pa(z;) = 1,va(z;) = 0. Conversely,
if pa(z;) = 0,va(z;) = 1 or pa(z;) = 1L,va(z;) = 0,K,(A) clearly
reduces to zero. Hence K, (A) = 0 iff either pa(z;) = 0,va(z;) =1 or

wa(z;) =1,va(z;) =0 for all i.

Property 2: Let pa(x;) = va(x ) for all i. Then equation (3) reduces to
1ie. Ku(A)=1Let Ky(A ): Yo F(ya(z:), 0 <a < 1.

2)) el =A@ (1
Where (4 (;)) = telte 2o o Gor

Thus, if Ko(A) =1,= 237" F(ya(z;)) =1
= F(ya(z:)) = 1¥i. (7)

z;))¥el = —ral@i® _q

Differentiating equation (7) w.r.t ya(z;)

[(aya(e) el =0a @D (1 — (ya(0)®)

OF (ya(ws)) _ +a(l —7ya(®:))*” el m0mmalma)™ (1 — 4 (24))"] ()
Oval(zs) n(2t-eel=27" —1)

OF (va(zs))
0va(x;)

=0, so
=[(aya(e))* et 041 — (a(2:))?)
+a(l = qya(e)* e TN (1 — g (2))?) = 0

Equation (9) holds whenya(z;) = § Again differentiating equation (8),
we get

(9)

[(aya(a))*tet= 0@ (0 — 1)

+a?(ya(wy)* %!~ 0a @) (1 - 3q)
2(1 %4(3?1))3“ 2o1=(1=va(@:))"
+a(1—3a)(1 ya(zi)) B Del-(—ral@))®
+a(a—1)(1 ya(a:) 2t~ Umyale)
OPF(ya(z)) 40’ (qalw))* el 0ale))]
O(va(z))? n(2t-eel 72" —1)

For alli and 0 < o < 2. W < 0 atya(z;) = % as represented

in figure 2 ( where y = W and alpha = a) Hence F(ya(z;))
is a concave function obtaining its maximum value at y4(z;) = % i.e.

2
valz;) = M Thus K, (A) attains maxima at pa(z;) =
va(x;) for all i.
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3. Property 3: In order to prove that property 3 holds. It is enough to show
that the function P ain)
fla,b) = [(EL=b)xel =) 4 (I=gtbyael=(5=7)" 1] Where a, b €
[0,1], is increasing w.r.t a and decreasing for b.In order to determine
critical point of f, equate g—i b: 0 and % = 0 we g(bet a=b. Again,

a+1— @ l—a o

let f(a,b) = [(H=b)orel~(“F)" 4 (l=adbyael=(“=0)" _q] | where
a>bPutt=a—-0>0,0<a<2then
F(E) = [(H2) et =" 4 (Ighyeel =57 ]

a_(-pe
] a(l+)* 1 (1—(14+1)%)e” a(1—t)* 1 (1—(1—t)*)e? ~ 2%

9f — (el (-4 — o= A=t <0
as shown in figure 3. and thus function f (t) is a decreasing when ¢ =
a —b > 0. Similarly, it can proved that whena < b,t = b — a > 0 then

f(t) is decreasing function. Hence% <0, when a > b and % > 0, when
a < b .Similarly, % > 0,when a > b and % < 0, when a < b.Thus by

monotonicity of function f(t) , property (2) and containment property of
IFSs, we get that K, (A4) < K,(B) when,A C B.

(148)> —2¢
2

4. Property 4 :Clearly it holds by description of complement of intuitionistic
fuzzy sets and equation (2).i.e. K,(A) = K,(A).
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Figure 4: Comparison of Intuitionistic Fuzzy Entropy at different values ofa

Hence K, (A) is a valid entropy measure for intuitionistic fuzzy sets.
It is observed that kurtosis of K, (A) varies as the value of generalization pa-
rameter o assumes different values within the specified range as shown in figure
4. Thus addition of a parameter makes distribution more flexible and affluent
for practical purposes. It has also been supported by Andargie and Rao(2013)
so the suitable value of generalization parameter a assists practical modeling
of data.

The proposed measure has following properties:

Theorem 4.1. Consider two intuitionistic fuzzy sets A and B then
K,(AUB)+ K,(ANB) = K,(A) + K.(B)
holdsforK,(A).

Proof. Universe of discourse can be divided into two subsets as Q = {z € X |
pa(z) < pplx)}U{r € X | pa(z) > pp(x)}, which we will denote as Qy, Q9
respectively. In Qy, pa(z) < pp(x) = va(x) > vp(z), then
s (@) = maz{pa(@), s (2)} = up (),
Vaus) () = min{va(2),vp(x)} = vs(c)
pans) (1) = mindioa () ) = ),

van) () = maz{va(z),vp(x)} = va(z).

So AU B = {{z, uauB)(7),vanB)(z)),r € Q}. From equation (2), we
have

Ko(AU B)

— 1 zn:[(,uAuB(ﬂfi) +1— uAuB(xi))ael_(17uAUB<xi£+VAUB(mi))a
n(217a61727a — 1) 5

=1

,uAug(a:i) +1-— VAUB(xi))ael_(l_“AUB(ziH’;*“AUB("i))a

1—
+ ( 5

_1]
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For0 < a<2.
IIIQl

K.(AUB)

— 1 _ i[(ﬂB(l'i) +1—vp(z) R
’I’L(21_0‘61_2 _ 1) 9

i=1

_ MB(l‘i) +1-— VB(-’I?i) )ael_(l_HB(IiH;*VB(%))a B 1]

1
+ ( 5

For 0 < o < 2. Again from equation (2), we have

Ko(ANB)

= 1 i[(/uAOB(xl) +1—- VAﬂB(xi) )aelf(17MAHB(‘T1’2)+"AOB(%))@

T—agl—2-% _
n(2t-ce 1) ~ 2

. panB(Ti) + 1 —vanp(w;) )a61,(1,“AnB(wi)‘F;—”AmB(wi))a

+(1 5 —1]
For0<a<2
In Ql
Ko(AN B)
1 ~ ,U,A(IL'l) +1-— Z/A(xi) a 1—(lzrazi)tva (@) o
T op(2lmeel=27Y — 1) Z[( 2 el ’ )

=1

B ,U,A({EZ) +1-— VA(‘ri))ael—(lf’LA(miH';_”A(“))‘1

1
+ ( 5

—1]
For 0 < a < 2. From equation (10) and (11), we get

Ko,(AUB)+ Ky(ANB) = Ku(A) + Ko (B) in 4. . Similarly the result holds
in QQ. O

In the next section, we have checked the performance of proposed intu-
itionistic entropy measure on the basis of language variable given by De et al
(2000).

5. Numerical Example

Let A = {(z,pa(z),va(x)),x € Q} be IFS for any i € R then
A" = {{x;, [pa(z:)]™, 1 = [1 —va(z)]™) | zi € Q} defined by De et al. (2000)
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for IFS.

According to De et al. (2000) the classification of linguistic variables is given
as, if A is considered as "LARGE" in ) then A2, A2, A3 and A* may be treated
as "More or less LARGE", "Very LARGE", "Quite very LARGE" and "Very
very LARGE" respectively. We use this to check performance of the proposed
measure of intuitionistic fuzzy entropy. Mathematically a good intuitionistic
fuzzy entropy measure should follow the given requirement by Li, Lu & Cai
(2003):

E(A2) > E(A) > E(A?) > E(A)3 > E(AY)

Consider the IFS

A ={(6,0.1,0.8),(7,0.3,0.5), (8,0.5,0.4), (9,0.9,0), (10,1,0) }. For 0 < a < 0.5
the proposed intuitionistic fuzzy entropy measure satisfies K, (A) > Ka(A%) >
Ko (A?%) > K, (A)?) > K, (A*). But for 0.5 < a < 2 the proposed intuitionistic
fuzzy entropy measure satisfies Ko (A2) > Ko (A) > K, (A%) > K, (A)?) >
K, (A*) as given in table 1.

Table 1: Comparison of proposed entropy at different values of «

T

Ko(A) | Ko(A3) | Ka(A) | Ka(A%) | Ka(A%) | Ka(AY
a=0.1 ] 0.788021 | 0.790307 | 0.782416 | 0.727757 | 0.749482
a=0.5 | 0.658281 | 0.664152 | 0.573514 | 0.48398 | 0.414756
a=0.6 | 0.630348 | 0.631765 | 0.523605 | 0.428614 | 0.360313
a =09 | 0.568236 | 0.553926 | 0.406565 | 0.304121 | 0.244213
a=15 | 0.499986 | 0.469539 | 0.279405 | 0.171569 | 0.13089
a =17 | 0485269 | 0.397586 | 0.254913 | 0.146648 | 0.110962
a=2.0 | 046013 | 0.429463 | 0.216372 | 0.108377 | 0.081194

According to table 1, we can conclude that proposed measure of intuition-
istic fuzzy entropy is consistent with the structured linguistic variables if value
of « lies between 0.5 and 2.

6. Conclusion

In the present communication we have anticipated a a exponential intu-
itionistic fuzzy entropy for intuitionistic fuzzy sets corresponding to the entropy
measure for fuzzy sets given by Gupta et al. (2014) with some properties. Fur-
ther, the performance of proposed entropy measure at different values of « is
compared with the help of an example. Although the maximum and minimum
value of entropy is independent of values of a but the entropy measure is con-
sistent with the structured linguistic variables if value of « lies between 0.5 and
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